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1. Introduction

In {5], we showed the existence of local solutions of analytic linear partial
differential equations; in this paper, we generalize our previous result to an
arbitrary analytic (nonlinear) system of partial differential equations and
prove the Cartan-Kdhler theorem for such a system formulated in terms of
the jet bundles introduced by Ehresmann. The reader is strongly advised to
read the proof of the linear Cartan-Kzhler theorem (Theorem 4.1) of [5] as
an introduction to the present paper, although this paper is essentially inde-
pendent of [5].

We consider partial differential equations on fibered manifolds and do not
define nonlinear equations in terms of differential operators as one can for
linear equations (see [5]). In the nonlinear case this point of view would be
too restrictive (see §7) and so we let arbitrary fibered submanifolds of jet

“bundles be partial differential equations, since many equations occurring in
differential geometry are of this type (see E. Cartan {3]).

To generalize the methods of [5], where the jet bundles considered are
vector bundles, we define affine bundles and analyse the structure of affine
bundles which the jet bundles possess (§§3 and 5). If every solution of order
k of a partial differential equation R, of order k can be extended to a solution
of order k + 1, and if the solutions of order k& + 1 satisfy a regularity condi-
tion, the solutions of order ¥ + 1 form an equation K,,, of order & + 1, the
prolongation of R,. This prolongation R, ., is actually an affine bundle over
the equation R, whose affine bundle structure is induced by the affine bundle
structure of a jet bundle. Under these conditions on R, this affine bundle
structure of R,,, over R, together with the affine bundle structure of certain
jet bundles (see Proposition 5.3), permits us to define the curvature r of the
partial differential equation R,. The curvature « is the obstruction to ex-
tending a solution of order % + 1 to a solution of order k + 2. Our defini-
tion of « reduces for homogeneous linear equations to the definition of « given
by Quiilen [7], which is equivalent, with a change in sign, to the one Bott
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originally gave in [1], as was shown by Quillen [7]. In [5], we used still
another definition of the curvature of a homogeneous linear equation.

We define the symbol of a partial differential equation and associate to it,
following Spencer [8], certain cohomology groups H**“/ whose vanishing,
for I > 0, is equivalent to Cartan’s notion of involutiveness, as was shown
by Serre. A crucial property of the curvature « is the fact that it takes its
values in a family of vector spaces induced by the Spencer cohomology group
H*? (see Proposition 8.4). . This permits us to determine, as in [5], the inte-
grability conditions of the equation, which depend only on the formal solu-
tions up to order k + 1 and the second Spencer cohomology groups H**“2,
Our formal existence theorems (Theorem 8.1 and Theorem 8.2), together
with Spencer’s estimate (see L. Ehrenpreis, V.W. Guillemin, and S. Sternberg
[4] and W. J. Sweeney [10]) lead to the existence of amalytic solutions for
analytic equations and to generalizations of the Cartan-Kihler theorem and
the Cartan-Kuranishi theorem (see M. Kuranishi [6]).

The author wishes to thank Professors V. W. Guillemin, M. Kuranishi,
B. Morin, D. G. Quillen, and D. C. Spencer for many valuable suggestions
concerning the various parts of this paper. Finally, the author would like to
express his deep gratitude to Professor S. Sternberg for his constant encour-
agement and his invaluable advice during the preparation of this paper, which
is essentially a part of the author’s doctoral thesis presented to the Depart-
ment of Mathematics, Harvard University, in partial fulfillment of the require-
ments for the degree of Doctor of Philosophy in the subject of Mathematics.

2. Fibered manifolds

Let X be a differentiable manifold. (By differentiable, we shall always
mean differentiable of class C=.) We do not require that the dimensions of
the different components of a differentiable manifold be the same. We shall
denote by T = T(X) the tangent bundle of X and by T* = T*(X) the cotan-
gent bundle of X. By S*¥T*, A‘T*, ®=T*, we shall mean the £-th symmetric
product of T*, the I-th exterior product of T* and the tensor product of m
copies of T* respectively.

Definition 2.1. A fibered manifold r: E — X is a differentiable manifold
E together with a differentiable surjective map = (projection) of £ onto X of
maximal rank such that the dimension of E at ¢ ¢ E is greater than or equal
to the dimension of X at z(e) € X.

We shall usually write simply E to denote a fibered manifold =: E — X. If
n: E — X is a fibered manifold over X, we shall denote by E, = z~%(x) the
fiber of E at xe X, by & the sheaf of germs of differentiable sections of E
and by &, the stalk of £ at x ¢ X. If s is a section of E over an open set
U C X and x ¢ X, then s, is the germ of 5 at x. If Y is a submanifold of X,
we denote by E|Y the restriction of E to Y, that is, the fibered manifold
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x~%Y) over Y. Let T(E) denote the tangent bundle of £ and F(E) the sub-
bundle of T(E) consisting of all tangent vectors tangent to the fibers, that is,
we have the exact sequence of vector bundles over E

0 — F(E) — T(E) = z-T(X) —> 0

where T (X) is the vector bundle over E induced by » from T(X). By Oy
we denote X considered as a fibered manifold over X with projection the
identity map of X.

Example. If Y is any differentiable manifold, then pr,: X X Y — X,
where pr; is the projection onto the first factor, is a fibered manifold over X
called the trivial fibered manifold over X with fiber ¥. A section of this
fibered manifold over an open set U is simply the graph of a differentiable
map from Uto Y.

Remark. Any fiber bundle and in particular any vector bundle is a fibered
manifold over X.

If £: W Y is a vector bundle over a differentiable manifold Y, then 0 is
the zero section of W over Y and 0(y) is the zero vector of W,. If Z is
another differentiable manifold, f,: Z — X, f,: Z — Y are differentiable maps
and if &:W,—X, §:W,—Y are vector bundles, we shall denote by
W, ® W, the vector bundle f{'W, & fz'W..

Throughout this paper, n: E— X, #': E' - X, n”’: E” — X denote fibered
manifolds over X.

Definition 2.2. A morphism of fibered manifolds over X from =»: E - X
to »’: E'’ — X is a differentiable map ¢: E — E’ such that n’ oo =z. We
denote by ¢, the map from E, to E’, by ¢ the sheaf map from & to 6’ and
by ¢, the map from T(E) to T(E’) or from F(E) to F(E’) induced by ¢.

Definition 2.3. We say that the sequence of fibered manifolds over X

is exact if there exists a section s/ of E” over X such that:
(i) the sequence of sets

7

© ¢
E-—-)E/:EN

§"o

is exact;
(i) the sequence of vector spaces

FUE) 255 F(E) =25 F iy (E7)

wle)

is exact, for every e E.
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We say that a morphism ¢: E — E’ is a monomorphism if it is an imbed- ~
ding of manifolds, and is an epimorphism if ¢: E — E’ is a fibered manifold.
If ¢ is both a monomorphism and an epimorphism, it is called an isomor-
phism. We say that the sequence

Oy — E-2S E

is exact if ¢ is a monomorphism and that the sequence

E-2.E_o0,

is exact if ¢ is an epimorphism. Note that these definitions are compatible
with Definition 2.3.

The fibered product E X yE’ of E and E’ over X consisting of all pairs
(e, &) e E X E’ satisfying =(e) = n/(¢’) is a differentiable manifold in a natural
way and a fibered manifold over X. The projections pr,: E X yE’' — E,
pre: E X yE' — E’ sending (e, ') € E X yE’ into e, €’ respectively are epimor-
phisms of fibered manifolds over X.

Definition 2.4. A fibered manifold »’: E’ — X is said to be a fibered sub-
manifold of a fibered manifold n: E— X if E' is a subset of E and if the
inclusion of E’ into E is 2 monomorphism of fibered manifolds over X.

Definition 2.5. If ¢: E — E’ is a morphism of fibered manifolds and s is
a section of E’ over X, then Ker,.p, the kernel of ¢ with respect to s/, is the
subset of E consisting of all e € E satisfying ¢(e) = §'(z(e)).

Proposition 2.1. If ¢: E—E’ is a morphism of fibered manifolds of locally
constant rank, then the image of ¢, denoted by Im ¢, is a fibered submanifold
of E'. If s’ is a section of E' over X satisfying s'(X) C ¢(E), then Ker.p is
a fibered submanifold of E and the sequence

Oy —> Ker0 N Ime Oy

is exact, where i is the inclusion of Ker,.¢ into E.

The above proposition and the following lemma follow from the implicit
function theorem in a straightforward way and their proofs will be omitted.

Lemma 2.1. If n’: E' - X is a fibered submanifold of =: E — X, then,
for each point e ¢ E', there exist an open neighborhood V of e in E, a fibered
manifold {: Z — U over U=xzxV, a section z of Z over U and a morphism
¢: V —Z of fibered manifolds over U of constant rank such that E' NV
= Ker,¢.

The statement of the following proposition is due to B. Mazur:

Proposition 2.2. Let n': E' — X be a fibered submanifold of n: E - X.
Then there exist an open fibered submanifold #'’: E' —-X of n: E—X
containing E', a fibered manifold £: Z — X, a section z of Z over X and a
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morphism ¢: E” — Z of fibered manifolds over X of locally constant rank
such that E' = Ker,p if and only if the normal bundle of the imbedding of
E’ into E is isomorphic to a vector bundle induced by =z’ from a vector bundle
over X,

Proof. 1f the morphism ¢ satisfying the above conditions exists, we may
assume that Z = Im ¢ by Proposition 2.1. The normal bundle N of the im-
bedding of E’ into E is isomorphic to ¢~'N,, if N, denotes the normal bundle
of the imbedding of z(X) into Z. Since E’ = Ker,y, the vector bundle N is
isomorphic to z’~'(z"'N,). Because z is a section of Z over X, the bundle N
satisfies the desired condition. Conversely, assume that there exists a vector
bundle £: Z — X such that N is isomorphic to z'~’Z. Because N is isomorphic
to the quotient of F(E) | E’ by its sub-bundle F(E’), by the proof of the tubular
neighborhood theorem, there exist an open fibered submanifold »”/: E” — X
of E containing £’ and an isomorphism ¢: E” — N of fibered manifolds over
X such that the diagram

E// © N
I /
E’

commutes, where 0 is the zero section of N. The natural epimorphism pr,
of fibered manifolds over X from n’~*Z = E’ X xZ to Z induces an epimor-
phism ¢ of fibered manifolds over X from N to Z. Define ¢: E” — Z to be
the composition # o ¢ and z to be the zero section of Z; clearly ¢ has the
required properties.

3. Affine bundles

We begin by recalling certain properties of affine spaces. Let &k be a field.

By an affine space A over k modeled on a vector space T over k, we mean
a homogeneous space of the additive group of T on which T acts freely. We
denote by ¢ 4 a the image of a ¢ A under the action of te T, and if g, b e 4,
by a — b the unique element of T such that (a — b) + b = a. For each
ac A, we have a natural identification of 4 with T sending xe 4 into x —aeT
which induces on A4 the structure of a vector space over k with origin a. A
non-empty subset V of A4 is an affine subspace of 4 if V is a subspace of 4
considered as a vector space with origin a point of V'; the set D of all elements
x — y of T, with x, y belonging to V/, is a linear subspace of T and V is an
affine space modeled on D in a canonical way. If 4’ is an affine space
modeled on a vector space T’ over %, by a morphism ¢: 4 — A4’ of affine
spaces over k, we mean a map preserving barycenters. For any such
morphism, there exists a unique linear map ¢: T — T” such that
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ot + %) = ¢(1) + o()

for all xe 4, t e T, which we call the linear map associated to ¢ (see N. Bour-
baki [2]).

If 9: 4— A’ is 2 morphism of affine spaces whose associated linear map
is ¢: T — T’, we define an equivalence relation on A’: we say that a’ e 4’ is
equivalent to b’e A’ if and only if @’ — b’ e $(T). We denote the set of equiva-
lence classes by Coker ¢ and by p the natural projection of 4’ onto Coker
¢. Note that pp(a) = pe(b), if a, be A, so that pp(4) is a distinguished
point of Coker ¢. It is easily verified that Coker ¢ is an affine space modeled
on the cokernel of ¢, Coker ¢, and that p is a morphism of affine spaces whose
associated linear map is the natural projection of 7’ onto Coker ¢. Since
Coker ¢ has a distinguished element p¢p(A4), it can be identified in a natural
way with Coker ¢. We call Coker ¢ the cokernel of ¢.

If i: V — A is the inclusion of an affine subspace V' of A4 into 4, the coker-
nel of i will be called the quotient A/} of A by V.

If a’ € A’, we denote by Ker, ¢ the inverse image under ¢ of @’. If Ker,.¢
is non-empty, it is easily seen that it is an affine subspace of 4 modeled on
the kernel of ¢, Ker ¢.

Definition 3.1. An affine bundle 4 over X modeled on a vector bundle
&: W — X is a fibered manifold = : 4 — X together with a morphism of fibered
manifolds over X

W xxA— A

sending (w, a) e W X yA4 into w + ae A, such that, for each x ¢ X, the fiber
A is an affine space modeled on the vector space W, under the action of
W, on A, sending (w,a)e W, X A, into w + a e A4,.

If aeA,, the map w—w + a of W, into A4, is a diffeomorphism. If
beA,, the map of 4, into W, sending « into @ — b is also a diffeomorphism.

If s is a section of A over an open set U c X, the map of 4| U into WU
sending a into a — s(z(a)) is an isomorphism of fibered manifolds over U.
Therefore A is locally trivial, that is, given x ¢ X, there exist a neighborhood
V of x and an isomorphism ¢: 4|V —V X A4, of fibered manifolds over V.

Note that Oy is an affine bundle over X modeled on the zero-dimensional
vector bundle over X.

Definition 3.2. If z,: E, — E, 7}: E{ — E’ are fibered manifolds, then a
differentiable map ¢, : E, — E7 is said to be a morphism of fibered manifolds
from E, to Ef over a morphism ¢: E — E’ of fibered manifolds over X if
nlog, = ¢om. If E,, E| are vector (respectively affine) bundles over E, E’
respectively and if the map from (E,), to (Ej),, induced by ¢, is a linear map
of vector spaces (respectively morphism of affine spaces) for each e < E, then
we say that ¢, is a morphism of vector (respectively affine) bundles from E, to
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E; over the morphism ¢. A morphism ¢,: E, — E{ of affine bundles over a
morphism ¢ : E—E’ of fibered manifolds over X is said to be a monomorphism
of affine bundles if ¢, is 2 monomorphism of fibered manifolds over X. If
E = FE’ and ¢ is the identity map of E, then we say that a morphism of fibered
manifolds from E, to E] over ¢ is 2 morphism of fibered manifolds over E.

Proposition 3.1. If a: 4 —E, a': A’ — E’ are affine bundles over E, E’
modeled on vector bundles §: W—E, §': W' — E’ respectively and if p: A— A’
is a morphism of affine bundles over a morphism ¢:E — E’, there exists a
unique morphism of vector bundles ¢ : W — W’ over ¢ such that

ow + a) = ¢(W) + p(a) ,

forallac A, weW, with a(a) = &(w).

We say that ¢ is the morphism of vector bundles associated to ¢. Given
a morphism ¢: W — W’ of vector bundles over a morphism ¢: E — E’ and
sections s, s of 4, A" over E, E’ respectively, the map

a — dla — s(a(@)) + 5'(G(a(@)))

is a morphism of affine bundles from 4 to 4’ over ¢.

The following proposition is easily verified :

Proposition 3.2. Let A, A’, A” be affine bundles over X modeled on vector
bundles W, W', W over X. Then the sequence of morphisms of affine bundles
over X

ALA/LAII

is exact if and only if the associated sequence of morphisms of vector bundles
over X

wtew L owr
is exact.

Definition 3.3. A locally trivial fibered submanifold »’: 4’ — X of an
affine bundle 7: 4 — X is said to be an affine sub-bundle of A4 if 47 is an
affine subspace of 4, for each xe X.

An affine sub-bundle 7’: 4’ — X of an affine bundle z: A — X modeled
on a vector bundle &: W — X is an affine bundle modeled on a sub-bundle
W’ of W. Indeed, for each xe X, the subset A, of 4, is an affine space
modeled on the subspace W, of W, consisting of all elements ¢’ — b/, with
a,b’ eA,. Since A’ is locally trivial,

W =UWw,
re X
is a sub-bundle of W on which A4’ is modeled.

If n’: A’ — X is a fibered submanifold of 7: 4 — X, if 4 is an affine sub-

space of 4, for each x e X, and if
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wW=uUw,
reX
is a sub-bundle of W, then A4’ is an affine sub-bundle of 4.

Proposition 3.3. Let n: A — X, n': A’ > X be affine bundles over X
modeled on vector bundles £: W - X, &:W —X. Then a morphism
¢:A— A’ of affine bundles over X is of locally constant rank if and only if
the linear map ¢.: W, — W, with x ¢ X, induced by the morphism of vector
bundles associated to ¢, has locally constant rank.

The proof of this proposition will be left to the reader.

If op: A — A’ is a morphism of affine bundles over X, then for x € X, define
(Coker ¢), = Coker ¢,, and let

Coker ¢ = U (Coker ¢) .
reX

If A, A’ are modeled on vector bundles W, W’ over X, we can canonically
identify the affine space Coker ¢, with the vector space on which it is
modeled, Coker ¢, where ¢ is the morphism of vector bundles associated to
¢, and hence also Coker ¢ with Coker ¢. If ¢ has locally constant rank,
then so does ¢ by Proposition 3.3, so that Coker ¢ is a vector bundle over
X; we can give Coker ¢ the structure of fibered manifold over X induced
from the structure of fibered manifold of Coker ¢ via the above identification.
Then Coker ¢ becomes an affine bundle modeled on Coker ¢. If p, is the
natural projection of A onto (Coker ¢),, we obtain a map p: A’ — Coker ¢
which is easily seen to be a morphism of affine bundles whose associated
morphism of vector bundles is the natural projection ¢: W — Coker ¢.
Furthermore,

425 47 £ Coker p — Oy

is an exact sequence of affine bundles over X by Proposition 3.2, since

WLW'—UACoker¢—>O

is an exact sequence of vector bundles over X. Therefore, we have proved
Proposition 3.4. If ¢: A — A’ is a morphism of affine bundles over X of

locally constant rank, then there exist an affine bundle Coker ¢, the cokernel

of ¢, and a morphism of affine bundles p: A — Coker ¢ such that the sequence

Ai»A’—p—>Cokergo—>OX

is exact. Moreover, Coker ¢ can be identified in a natural way with the
cokernel of the morphism of vector bundles associated to ¢.
The above proposition can be applied to the inclusion i of an affine sub-
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bundle A’ of A into 4, which is a monomorphism of affine bundles; the
cokernel of i will be called the quotient A/A’ of 4 by A'.

Proposition 3.5. Let o: A —E, o’: A’ — E’ be affine bundles over E, E
modeled on vector bundles £: W — E, £: W — E’ and let ¢ be a morphism
of affine bundles, over a morphism ¢: E — E’ of locally constant rank, whose
associated morphism of vector bundles is a map : W —W’. Let s’ be a
section of A’ over X satzsfyzng s'(X) C ¢(A4); setting K = Ker,.p, K =
Ker,.,, ¢, assume that a: K — K is surjective. If the restriction of ¢ to W K
has locally constant rank, then K is an affine sub-bundle of A|K over K
modeled on (Ker ¢) | K and the restriction of ¢ to A | K has locally constant
rank.

Proof. Since 5'(X) C ¢(A4), we have (o’ o s')(X) C ¢(E) and Proposition
2.1 applies; hence K is a fibered submanifold of z: E — X. Since ¢ is a
morphism of affine bundles over ¢, for each e ¢ K, the map ¢, : 4. — Af, is
a morphism of affine spaces. Because s'(z(e)) belongs to 4%, and because
a: K — K is surjective, Ker,. 0. is an affine subspace of 4, modeled on
Ker ¢,. Since (Ker ¢)|K is a sub-bundle of W|K, to show that K is an affine
sub-bundle of 4| K, it is sufficient to show that for every e ¢ K, there exists
a section of 4| K over a neighborhood of e ¢ K whose image lies in K. We
first note that the vector bundle Im (¢ | (W | K)) is the subset of W’ consisting
of all elements of W’ of the form ¢(a) — s'(x(a)), where ae A} K. Indeed,
given we W |K, there exists ac K, with a(a) = £(w); we have oW + a)
= ¢(w) + (z(a)) and so ¢(W) = ¢(W + a) — '(x(a)). Given aecA4]|K,
choose a’ € K with a(a@) = «(a); then

(@) — §'(=(@) = p(a) — 9(@) = $(a — &) .

Now choose a morphism of vector bundles ¢: o {Im (¢ | (W | KN} —w|K
over K such that ¢ c ¢ = id. Given an element e e K, choose a section s of
A| K over a neighborhood V of ec K. Clearly ¢ o s and §’ o « ‘are mappings
of ¥V into A’ satisfying &’ o (¢ o 5) = @’ o (s’ o ). Therefore these maps induce
amap sor —@os from V to W such that §(s’ex — ¢ c5) = ¢. By the
preceding remarks, the section

v 0@, (' o 7 — ¢ 0 S)(®))
of W over V is well-defined and will denoted by ¢(s’ o # — ¢ o 5); the section
S=0(F cn —@pos)+s
of A over V is also well-defined. We have
oS =g on —gpos) +tpos=(or—pos)+pos=5om.

Hence the image of the section § lies in K and «: K — K is an affine bundle.
Moreover, forae 4|V
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p@) = ¢(a — §(a(@)) + s'(z(a(a)))

which implies that ¢ | (4 | K) has locally constant rank.

Proposition 3.6. If 7: A — X is an affine bundle over X modeled on a
vector bundle &¢: W — X, and if ='W denotes the vector bundle over A
induced from W by =, there is a natural isomorphism p of vector bundles
over A from n='W to F(A).

Proof. An element we W, with xe X, determines a one-parameter family
of diffeomorphisms p,(w) of 4,, by setting g, (w)(b) = tw + b, for all be 4,,
te R. Then

-~ d
w = Tt#z(w) lt=0

is a vector field on 4., and since A4, is a submanifold of A, for each be A4,
w(b) is an element of F,(4). Consider the map p sending (@, w) e z7'W,
with ae 4., we W,, for some x ¢ X, into w(a) e F(4). Then p is clearly a
monomorphism of vector bundles over A4, since if w(a) =0, then p.(w)@)=a
for some ¢ = 0 and w = 0O(x). Because the dimensions of these two vector
bundles are the same, g is actually an isomorphism.

Proposition 3.7 (Naturality of p). If a: A—E, o': A’ —E’ are affine
bundles over E, E’ modeled on vector bundles £: W — E, &: W' — E’ and if
0: A — A’ is a morphism of affine bundles over a morphism ¢: E— FE’,
whose associated morphism of vector bundles is a map ¢: W — W', then the
diagram of vector bundles over A

0 o —E F(A) —=—— &-'F(E) 0
(3.1) p os Ps
0 - e R~ oFE) 0

~

is commutative and has exact rows, where ¢: a='\W — o/ "W’ ¢, ¢ 'F(E) —
&/ ~'F(E") are morphisms of vector bundles over ¢ induced by ¢: W — W/,
@4 F(E) — F(E") respectively.

Proof. The exactness of the rows of (3.1) follows from Proposition 3.6.
IfecE, weW,, we have

@ o ((W)(@) = o(tw + a) = t$(W) + (@) = p(PW))(p(a))

for all ae 4,. The proposition is an easy consequence of this identity.



INTEGRABILITY CRITERIA 279

4. Jet bundles as fibered manifolds

Let s be a section of the fibered manifold E over a neighborhood of x ¢ X.
The equivalence class of all sections of E agreeing with s to order £ at x is
called the k-jet of s at x and is denoted by j.(s)(x). The point x ¢ X is called
the source of the jet j,(s)(x), and s(x) its target. Let J,(E). denote the set of
all k-jets at x of sections of E and let

J(E) = %)XJ,,(E)I .

We call J,(E) the bundle of k-jets of E. For k > [, we denote by =,: J,(E) —
J,(E) the map sending a k-jet into the l-jet it determines. In particular, the
map rx,: J(E) — E sends a k-jet into its target, so we shall identify J(FE)
with E.

Proposition 4.1. There exists a natural differentiable manifold structure
on J,(E). In fact, I (E) is a fibered manifold over X whose projection
7: Jy(E) — X sends a k-jet into its source; moreover z,: J.(E) —J(E) is an
epimorghism of fibered manifolds over X, for k > 1.

If 5 is a section of E over an open set U C X, the map y — j.(s)(y) of U
into Ji(E) is a section j.(s) of J.(E) over U, and the map s s f,(s) induces
a morphism of sheaves j,: & — 7 ,(&).

Note that the fibered manifold J,(O) is isomorphic to O and will be iden-
tified with Oy, and that the fibered manifold J.(E X yE’) is naturally isomor-
phic to J.(E) X x/(E"). If E is a vector bundle, then J,(E) has the structure
of a vector bundle over X. If U is an open subset of X, then the restriction
J(E)| U of J,(E) to U is isomorphic to the bundle J,(E | U) of k-jets of E | U.
Furthermore, if E is the trivial fibered manifold over X with fiber a differenti-
able manifold Y, then J,(E) is diffeomorphic to the manifold of k-jets of
(local) differentiable maps of X into ¥ in the sense of Ehresmann.

Let ¢: J,(E) — E’ be a morphism of fibered manifolds over X. A sheaf
morphism of the form ¢eoj,: & — &’ is called a differential operator from E to
E’ of order k. The I-th prolongation p,(¢): T, . (E) — J,(E") of ¢ is defined to
be the unique morphism of fibered manifolds over X such that the diagram

p{p)
Fera(€) F (6D

j);+1 jL

?cft
& &’

commutes. In particular, the [-th prolongation of the identity map id, of J.(E)
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is a monomorphism of fibered manifolds p,(idy): J;, (E) — J,(J.(E)). We
shall identify J,,,(E) with its image in J(J(E)) under the natural mono-
morphism p,(id,). The map ¢ also induces a morphism of fibered manifolds
T (¢): J,(J(E)) — J,(E) such that the diagram

File)

F A F(E) F(&)
It Iy
©
F(E) &

commutes, where _#,(¢) is the map of sheaves induced by J,(¢).
Proposition 4.2. If ¢: J(E)—E’, ¢ : },(E") — E'" are morphisms of fiber-
ed manifolds over X, then

pm(sol ° pl(ﬂp)) == Pm(§0,) ° pl+m($0) E fOI' m 2 0 .

The proposition follows directly from the definitions of the maps involved.
Proposition 4.3. If ¢:J(E)—E’ is a morphism of fibered manifolds,
then the diagram

Prenl®)

]k+z+m(_E') Jl+m(E/)
Pmm@m(pt(fa» pa(d,)
J
ToesED) =2y LUGED

commutes.
Proof. 1t follows directly from the definitions of the maps involved that
the following diagrams commute :

j +lbm Piinl ™(id,
g o ) 2D g ey T e

Jeem i

FHC &’ EACH]
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& Tl Fn(F ()
Tr o) Faltle))
Fall) —m g 46 - PREAS
Jeat4m eI )
5 — Frronls) Lalble FulF (6
| f
id Fin
& Jeer Fonrl) Pdo) 1)
Therefore the diagram
jk+l+m . pl+m(,w) .
éa /ﬁk+l+m(é‘)) fl+m(5”)
id p™id,)
} jk+ I+m ] pm(pl(ﬂo))
éD f:k+l+m (‘T) v fm (fz (ésl))
and the outer diagram of
in F nlPo(#)) '
F (€ F m(Fra6)) Fal(F(E)
@1 | Palidy.) Pa(id)
jlc+l+7n. p£+m(§9) X
éa fk+£+m(g) fl+nz(g,)
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also commute. However the first square of (4.1) commutes by the definition
of the map p,(id;.,,); hence

pm(Pl(SD)) ° jk+l+m = pm(ldl) © pz—'rm(SD) ° jk+z+m
T = fm(Pz(SD)) ° pm(idkﬂ) °© jk+L+m

as maps from & to #,,(#,(€") and so the proposition is established.

If F is an open fibered submanifold of J(E) and ¢: F — E’ is a morphism
of fibered manifolds over X, then one can define the I-th prolongation p,(¢)
as a morphism of fibered manifolds from the open fibered submanifold z;'F
of J...(E) to J(E') as follows. It is the unique morphism such that

P+ () = Jile © jx(8))(X)

for all sections s of E over a neighborhood of x ¢ X satisfying j.(s)(x) e F.
Note that p,(¢) is well-defined, since, for any such section s of E, it follows,
from the fact that F is an open subset of J,(E), that j,(s)(y) belongs to F for
all y in a neighborhood of x. It is easily seen that the analogues of Proposi-
tions 4.2, 4.3 hold for such ¢.

Proposition 44. Let x,: E, - E, «}: E; — E be fibered manifolds over E
and let ¢ : E, — E| be a morphism of fibered manifolds over E of locally con-
stant rank. Then p () : J(E)) — J.(E}) is a morphism over J,(E) of locally
constant rank. If ¢ is a monomorphism (respectively an epimorphism) over
E, then p,(¢) is a monomorphism (respectively an epimorphism) over J,(E).
If s is a section of E{ over E satisfying si((E) C ¢(E,), then p(s)(J(E)) C
Pe()J(E)) and the sequence

pr(d pr(®)

0, (E) — T(Kery0) 255 1. (E) P55 1.(E)
is exact and pi(p) < pr(i) = pk(sl’) o pi(my), where i is the inclusion of the
fibered manifold Ker; ¢ over E into E;.

Proof. The proposition is a consequence of Propositions 4.1 and 2.1.

If we set E = Oy in the above proposition, then p;(s}) = ji(s7) and we ob-
tain

Corollary 4.1. If ¢ : E — E’ is a morphism of fibered manifolds of locally
constant rank, then 50 is py(¢) : Jy(E) — J(E"). If ¢ is a monomorphism (re-
spectively an epimorphism) so is p,(¢). If s’ is a section of E’ over X satisfy-
ing §'(X) C ¢(E), then j(s)(X) C pi(p)J(E)) and the sequence

Ox — T(Ker, o) 4 1.8 P 1)

is exact and py(p) o pr(i) = ju(s') o n, whese i is the inclusion of the fibered
manifold Ker,. ¢ into E.
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Proposition 4.5. Let 7' : E' — X be a fibered submanifold of # : E —-X
and let p : M — E be a fibered manifold. Then, for k > 0, considering J,(E")
as a subset of J(E), we have

Je(o™(EN) = (Ju(p) " T(E")

as submanifolds of J,(M).

Proof. This proposition follows from the implicit function theorem and
Proposition 4.1.

5. Jet bundles as affine bundles

Let @, denote the ring of germs f, at x e X of real-valued differentiable
functions f defined on a neighborhood of x and let .#, denote its unique
maximal ideal.

Lemma 5.1. Let s be a section of E over a neighborhood U of x,e X and
let f be any real-valued function on U, with f, e 4% , where k > 1. Suppose
that § is any deformation of the section s, whichisamap 5: U X (—e, ) - E
satisfying the following conditions :

(i) §x,0)=sx), forallxc U,

(ii) =z o3 = pr,, where pr, is the projection of U X (— ¢, €) onto U.

Then the k-jet at x, of the section

¢.1 x = 3(x, f(x))

of E over some neighborhood of x, depends only on j.(s)(x,), on the class of

4500, 1) | € F.,(E) to the de-

=0

fz, in ML [ ALY, and on the tangent vector

formation § at x,.

ds(x,, t) and
dt ..

Sz, is the class of f,, in #% /. #%, we denote the k-jet at x, of the section

(5.1) of E by-

We leave the proof of this lemma to the reader. If v, =

(f 200 00} + Tx(S)(X) -

From Lemma 5.1, it follows immediately that the (X — 1)-jet at x, of the
section (5.1) of E is j,_,(s)(x,) and that

(0, vo) + fr()(x) = Jr(8)(%Xo) -
Remark 5.1. For each A¢ R, we have a deformation 3, of s by setting
5,(x, £) = 3(x, 2t) , for |2t <e, xeU,

such that
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5(x, 2f(x)) = 5%, f(x))
for x in some neighborhood of x,. Hence
(5.2) QF 20> ¥0) + 1e8)x0) = (Fagp A00) + u()(X) -
Remark 5.2. If g is another real-valued function on U,
(53)  (Ba + Foo 00 + J()%) = @zyp V) + (f iz ¥0) + Jx(5)(%0)) -
Indeed, let
S(x, 1) = 3(x, 1(0) + 9)

for x in some neighborhood of x, and ¢ in some neighborhood of O e R. It is
clear that 5 is a deformation of the section (5.1). The tangent vector to the

deformation ¥ at x, is v, because f(x;) = 0. Hence the right-hand side of (5.3)
is the k-jet at x, of the section

x — 3(x, g(x)) = 3(x, (g8 + H(x)

of E over some neighborhood of x,, which is precisely the left-hand side of
(5.3).

Remark 5.3. If v, w,e F,, (E), let v, w denote vector fields tangent to
the fibers of E defined on some neighborhood U of s(x,) such that v(s(x,))
= vy, W(s(%)) = w, and [v, w] = 0 on U. Then, denoting by exp tv, exptw,
expt(w -+ v), the one-parameter family of (local) diffeomorphisms of E gen-
erated by v, w, w + v respectively, we have

exp t(w + v) = (exXp tw) o (exp 1v)

for all sufficiently small ¢. By applying Lemma 5.1 to the deformation § of s
defined by

3(x, £y = exp t{w + v)(s(x)) = exp tw(exp w(s(x)) ,
we obtain the identity
(5-4)  (fap Wo + ) + 1)) = (Faos Wo) + (F 2 20) + §u(8)(X0))

for all vy, W, € Fyy\(E).
Remark 54. If ¢: E— E’ is a morphism of fibered manifolds over X,
then ¢ o3 is a deformation of the section ¢ o 5 of E” over U. It is clear that

(5.5) Pi(@)(f 2> Vo) + T:()E)) = (Fzpr 05¥0) + Tl 0 5)(s)
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because _é(_goi(%g‘,,_t)_ J = ¢,7%, and the left-hand side of (5.5) is the k-jet
I

at x, of the section

£=0

x — o(3(x, f(x)) = (¢ o H(*, f(x))

of E’ over some neighborhood of x,.

We denote by =, and r the natural projections of the vector bundle
S*T* @gF(E) onto E and X respectively. If ¢: E — E’ is a morphism of
fibered manifolds over X, then o, : F(E) — F(E’) induces a morphism of
vector bundles from S*T* @zF(E) to S*T* ®z.F(E’) over ¢ which we shall
also denote by ¢, .

Proposition 5.1. There is a natural morphism of fibered manifolds over
Jiei(E), for £ > 1,

SET* Q@pF(E) X g (E) — TW(E)

sending (a, p) into a + p which induces on J,(E) the structure of an affine
bundle over J,_\(E). In fact, if ¢ E — E’ is a morphism of fibered manifolds
over X the following diagram is commutative :

S*T* @, F(E) X ¢ J.(E) JAE)
©x X D) Pule)
S T* &) g F(E') X JL(E) JA(E)

Proof. Since 4% /.#%* can be canonically identified with S*T¥, for
x, € X, Lemnma 5.1 together with Remarks 5.1, 5.2 and 5.3 defines a map-
ping, for each ¢ ¢ E, from S*T* , @ F (E) X J(E). to J(E), sending (f ®, p)
into f®v 4+ p=(f,?) +p. This mapping determines a morphism of
fibered manifolds over J,_,(E) from S*T* @zF(E) X gJ(E) to J,(E) sending
(a, p) into a + p, since the induced action of S*T* @ zF(E) on J(E) preserves
the fibers of J,(E) over J,_,(E). It is easily seen that this morphism endows
J(E) with the structure of an affine bundle over J,_,(E) modeled on the vector
bundle S*T*®;, s F(E). The naturality of this morphism follows from
Remark 5.4.

If p,, p, € J(E) satisfy m;_,(p,) = m,_1(ps), we denote by p, — p. the unique
element of S*T* @ gF(E) such that

By —p) +p=ps-

From Proposition 5.1 and Proposition 3.7, we obtain
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Proposition 5.2. The sequence of vector bundles over J;(E)

0 — S¥T* ®,, 5 F(E) —— FULE)) =5 772, F(J5(E)) — O

is exact,

We shall identify S*T* ®,, ) F(E) with its image in F(Ji(E)) under the
map p.

Proposition 5.3, Let £: W — E be a vector bundle over E. Then:

() T(&): T (W) — J(E) is a vector bundle.

(ii) There is a natural morphism

(5.6) S*T* @sW X gl:(W) — J(W)

of fibered- manifolds over Y = J(E) X ;,_y&Ju-1(W), sending (a, q) into
a + q, induced by the morphism

S*T* QuF(W) X wd (W) — (W)

of Proposition 5.1.
(iii) There is a morphism of vector bundles over J,(E)

g SkT* ®Jk(E)W b d ]k(W)

induced by the morphism (5.6).

(iv) The sequence of vector bundles over J(E)
(5.7) 0 — S*T* @, W —— (W) 235 252 J, (W) — 0
is exact, where 3,: Iy (W) > J,(W), with I <k, and p = w0 §: W — X are the
natural projections.

(V) The morphism (5.6) induces on J.(W) the structure of an affine
bundle over Y modeled on the vector bundle S¥T* QW .

Proof. (i) If sy, s, are sections of W over U C X, satisfying &c5, = £ o 5,,
and f is a real-valued function defined on U, then s, + 5,: X — 5,(X) 4 5,(%),
{5 x— f(x)s(x) are well-defined sections of W over U satisfying & o (s, + s,)

=&.5, = &0 (f-5;). Then J,(W) becomes a vector bundle over J(E) by
setting

T(8)(®) + Ju(s(X) = Ji(s: + $:)(x)
ATr(s)(x) = Ju(2-5D(%) ,

if Ae R, xe U. The zero section of this vector bundle is precisely J,(0), if O
denotes the zero section of the vector bundle W over E.

(ii) The inclusion p of &-'W into F(W) determines a map W X gy (W)
into F(W) X »J (W) sending (w, g) into (x(7,q), w), g) and hence also a map
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from S*T* QzW X zJ. (W) to S*T* QpF(W) X 3J (W). We define the map
(5.6) to be the composition of this map from S*T* @ ;W X J.(W) to
SET* QuwF(W) X wJp(W) and of the morphism of Proposition 5.1 from
SET* QuFW) X wJ (W) to J(W).

The morphism (5.6) can be computed explicitly in terms of the vector
bundle structure on J,(W) as follows:

Lemma 5.2. Let p be an element of J.(E), with =np) = ecE and
(p) = x,€ X, and let w e W satisfy §(w) = e. Let f be any real-valued func-
tion defined on a neighborhood U of x,, with f, e 4% , and s, u be any sec-
tions of W over U satisfying j.(& o $)(%y) = ji(& o u)(x,) = p and 5(x)) = w.
Then

(5.8) Foe@W + ju@)(@) = jilf-s + w)(x) ,

where fxo is the class of f, in A% | M5,
Proof. Themap ii: U X R — W defined by

i(x, t) = u(x) + ts(x) , xeU,teR,

is a deformation of u, and the tangent vector at x, to this deformation is
clearly u(u(x,), w) € Fy,,,(W). Now both sides of equation (5.8) are by defini-
tion the k-jet at x, of the section

X — Ux, f(x)) = u(x) + f(x)s(x)

of W over U.

We now return to the proof of Proposition 5.3.

From Lemma 5.2, it follows directly that the map (5.6) is a morphism of
fibered manifolds over Y.

Let &: 8*T* @ W — E be the natural projection induced by &: W — E.
From Lemma 5.2, we obtain

Corollary 5.1. For all acS*T*Q W, q,, q, ¢ J.(W) satisfying J.(£)(q,)
= J.(6)W(q.) = p € Jx(E) and £(a) = =y(p), we have the formulas:

at+ @+ q)=0+4q)+ q

(5.9
da + Ag, = A(a + q) , for all 2 ¢ R.

(iii) Define the morphism ¢ of fibered manifolds over J,(E) by

e(p, a) = a + 1, (0)(p) ,

for all peJ(E), aeS*T* @ W, satisfying n,(p) = £(a). From (5.9), it fol-
lows that ¢ is a morphism of vector bundles over J.(F).

(iv) Because p: &'W — F(W) is injective, Proposition 5.1 implies that ¢
is injective and is therefore a monomorphism of vector bundles over Ji(E).
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Moreover, it is clear that 7,_, o = 0. Since 7;_, is an epimorphism, count-
ing the dimensions of the vector bundles S*T*®,, W, J.(W) and =;2,J,_(W)
over J,(E), we conclude that the sequence (5.7) is exact.
If geJy (W) satisfies Ju(§)(q) = peJu(E) and 7,_,(q) = J;_.(0)(p), we
denote by ¢~'q the unique element of S¥7* @ W such that
ep,e7'q) = g,

which exists and is unique by the exactness of (5.7).

(v) To verify that the morphism (5.6) induces on J(W) the structure of
an affine bundle over 7, it is sufficient to prove

Lemma 5.3. Given q,, g, J (W) satisfying J.(§)(q,) = J(£)(q) = peJ(E)
and p,_(q1) = 1:_1(q,), there exists a unique element ae S*T* QW such that

a—+qg,=4q.
In fact, a is the unigue element :~Y(q, — q,) of S¥T* @ W which satisfies
(3.10) e, e NG — @) =6 — Gy,

where g, — q, is the element of J,(W) determined by the vector bundle struc-
ture of J(E).
Proof. Equation (5.10) is equivalent to

(.11) @ — @+ L=4a -
Indeed, we can rewrite (5.10) as

e h —g) + O@) =9 — ¢ .
The above equation is equivalent to

(g — @) + 1:(O@) + ¢: = a1,
which, by Corollary 5.1, is the same as

eHa — @) + TOP) + ¢2) = g,

or equation (5.11).
If we set E = Oy in the above proposition, we obtain the exact sequence
of vector bundles over X

0 ST* @ W — s T,y 255 J,_ (W) — 0

for any vector bundle £: W — X over X.
Proposition 5.4. If ¢: E— E’ is a morphism of fibered manifolds over
X, then, for k > 1, the map p.(¢): J.(E) — J(E") is a morphism of affine
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bundles over p,_,(p) whose associated wmorphism of vector bundles is
0t S*T* @ 1 1y F(E) — S*T* @ 1z F(E').

This proposition is a direct consequence of Proposition 5.1.

Proposition 5.5. For [> 1, the map p,(id;): Jo o ofE) = T(J(E)) is a
monomorphism of affine bundles over p,_,(idy): Jii_1(E) — T (J:(E)).

Proof. The diagram

i ‘dk)
ToB) L TW(EY
Trer-1 Ty
pz-1(id )
Ty (E) : 7, I E))

is easily seen to commute, so that p,(id,) is a morphism of fibered manifolds
over p,_,(id;) which is easily seen to be a monomorphism of affine bundles.

Define a monomorphism 4,,: S¥*T* — SIT* @ S¥T* of vector bundles
over X as follows: let 4,, be the composition of the natural inclusion of
SEHT* into @**T* = @T*o@*T* and the map from RT*e@*T* to
S!T* @ S*T* induced by the natural projections of &!T*, @*T* onto
ST*, S¥T*, Ifl=1, wesetd =6, = 4.

By Proposition 4.3, the following diagram commutes :

id,. 7, (e
JoedE) L TUE) 10 AED)

/
ot Piid,.0)
Poa(idy) R

Jeuia(E) T Ju(ED) Tl ED

By Propositions 5.4. and 5.5, the composition J,(x;_,) o p,(ids) is a morphism
of affine bundles over J,_,(z;_,) o p,_:(idy) whose associated morphism of
vector bundles is the composition

Sk+lT* ®Jk+1_1(E)F(E) g SLT* ®J1_1(Jk(E))F(]k(E))

Trp—1=

— SiT* ®JL_1(Jk_1(E)>F(]k—1(E))

where the map from $¥*'T* ®,, ., , s F(E) to SIT* &, 7. znFJ(E)) is the
morphism of vector bumdles associated to p,(id;). Since the morphism
Ji(my_) o pi(id;) factors through J,.,, (E), its associated morphism of vector
bundles is the zero morphism over J,_,(m._)) o p;_,(ids). Therefore, by
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Proposition 5.2, the morphism of vector bundles associated to p,(id) is
determined by a morphism of vector bundles from $**'T*®;, , ,»F(E) to
S T*QRS*T*®) 5, _ 7. mnF (E) over p,_,(id,), which is easily seen to be precisely
the morphism induced by 4, ,.

Proposition 5.6. If ¢: Jy(E) — E’ is a morphism of fibered manifolds over
X, then, for 1 > 1, the map po): I, (E) — J(E") is a morphism of affine
bundles over p,_,(¢), whose associated morphism of vector bundles is induced
by the map

0 0 dyy: ST* R, 5 F(E) — ST* ® 5 F(E')

over ¢.
Proof. The diagram

)
J.. (E) d J(E)

pidy) Ji(e)

)]

commutes by Proposition 4.3. Hence by Propositions 5.4 and 5.5, p,(¢) is
a morphism of affine bundles whose associated morphism of vector bundles
is the map

g 0 At SFTT* QL F(E) — ST Q2 F(E)

over p,_(y).
If ¢ is a morphism of an open fibered submanifold F of J.(E) into E’,

analogues of Propositions 5.4, 5.6 hold for ¢.

We now conclude this section by giving an alternate description of the
affine bundle structure which J.(E) possesses.

Let p be an element of J,(E) and let s be a section of E over a neighborhood
of x = #(p) such that j.(s)(x) = p; set ¢ = n,_(p). Then the linear map
jr1(®y: Tz — Tq(J,_,(E)) depends only on p and will be denoted simply by
Ps. In fact, p, determines p uniquely; indeed, if p’ is an element of J,(E)
such that z,_,(p") = q and p}, = p, as maps from T, to Tq(J,_(E)), then p’
= p. In general, if p’eJ(E) satisfies n,_(p") = ¢, then m;_;.py = 7y_1D%
and so py — p, belongs to T* & $*'T* X, . F(E) by Proposition 5.2.
The map from J,(E)q to (T* ®S*'T* &, . F(E))q sending p’ into p, — p,
is injective. Actually p, — p, belongs to the subspace (6(5*T*)& ;,_, s F(E))q
of (T*RSF*'T*Q,,_,»F(E))g and every element of this subspace is of the
form pf — p,, for some p’ € J,(E)q. Since § is injective, we can identify S*T*
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with its image in T* ® S*~'T* under the map §. Hence p determines a bijec-
tive map from Ji(E)g to (S*T*® ;, _,nF(E))g. It is easily seen that this map
endows J.(F)q with the structure of an affine space modeled on the vector
space (S*T*®;,_,&F(E))g. This gives rise to a morphism of fibered mani-
folds over J,_,(E)

S¥T* Q@ pF(E) X gl (E) — Ju(E)

sending (a, p) into the unique element p’ of J(E) such that p), = 6(z;_,(p), a)
4+ p,. It is readily verified that this morphism is precisely the morphism of
Proposition 5.1.

6. The Spencer cohomology

We shall henceforth assume that all the components of the differentiable
manifold X have the same dimension n.

We have a morphism of vector bundles over X
31 SET* —— T* @ S*-1T*
defined in §5. We extend § to a vector bundle morphism
5 NT* @ SET* —— ATHIT* Q) S*-1T*

sending o ® u into (—1)’w A Su, where w e A/T*, ue S¥T*, Then we have
the complex

6.1 0 — SkT* _5__) T* ® SH-1T%* _5__) /\2T* ® Sk-2T* _6_) .
©.h — APT*Q S§*-"T* — 0

(i.e., 8* = 0), where S!T* = 0 for { < 0. We call § the formal differentiation
operator and we now state the formal Poincaré lemma:

Lemma 6.1 (see D. C. Spencer [8], D. G. Quillen{7], or S. Sternberg [9]).
The sequences (6.1) are exact for k > 1.

Let Y be a differentiable manifold and let f: Y — X be a differentiable
map. Let W be a vector bundle over Y. Suppose that g, is a family of sub-
spaces of St*T* QW over ¥, where £ > 1. Define the I-th prolongation g,
of g, to be the kernel of the composition ¢,:

SEHTH @, W 205 SIT* @ SET* @y W —Ls SIT* @, ((S*T* @y W)/ge)

where the map ¢ is induced by the natural projection of S*T* ®yW onto
(SET* @y W)/g.. We set g,_, = S*-iT* QW for [ < 0.
Since the diagram
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SEHTE due ST @ ST

(6.2) P 5

T* @ §tet-17s v T @S-TH @ ST

commutes, it is easily seen that 6(g..;) C 7% ®vrg.,_, and hence § induces a
map

8 NT* Qygy.; — NT* Qygrpry -

Definition 6.1. The Spencer cohomology of g, is the cohomology of the
sequences
3 3 3
00— gn — T* @y —> NT*Qygp s — - -+
3
5 /\m—kT* ®ng 3 /\m—k+1T* ®Sk—1T* ®YW

where m > k. We denote by H™~7/7/ = H™7(g,) the cohomology of the

sequence (6.3) at AT* ®yg,_;,. We say that g, is involutive if the sequences

(6.3) are exact and that g, is r-acyclic f H»? =0form > k£, 0<j<r.
Lemma 6.2. The sequences

(6.3)

) . ) §
00— gy — T* Rp8psr 1 — NT* Qy8rirs

are exact for I > 1, that is, g, is 1-acyclic.
Proof. The commutativity of diagram (6.2) implies the commutativity of
the following diagram, whose rows are exact, where I > 1:

0 0 0
k4T i ] gk
0 Goue SFUQW e STHQ(ST* @ W)
P o F]
0 T* @y st e T*@SHT* @~ T @ ST* @S T* @, W)jg)
) F
0'— AT*®yG50sos - NIT* @ §5+1-1T% @ W

By Lemma 6.1, the last two columns of this diagram are also exact and
hence ¢ is the first.

Lemma 6.3. The m-th prolongation gg.,.. of the family of subspaces:
8oy C SEHT* @y W is the same as the (I + m)-th prolongation of g,.
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Proof. We proceed by induction on m. For m = 0, the lemma is trivial.
Assume that m > 1 and that g4 ;. = 81414, for ¢ <m. By Lemma 6.2, the
diagram

3 I
00— Griten — T* Ov8irtam1 — NT* Brrrim s

8 0
0—bs (gk+l)+m — T* ®Yg(k+l)+m—1 — /\2T* ®Yg(k+z)+m~2

is exact and commutative, so that 2.1+ m = Zrsrem-

We now state the §-Poincaré lemma (see D. G. Quillen [7] or S. Sternberg
(9D.

Lemma 6.4. If the dimension of W, is independent of ye Y, there exists
an integer k, > k depending only on n, k and the dimension of W,,yeY,
such that g is involutive.

Hence, by Lemma 6.3, the Spencer cohomology groups H™(g,) vanish
for m > k,.

Lemma 6.5. Let W’ be a vector bundle over Y and let g, be the kernel
of a morphism of vector bundles ¢:S*T* QyW — W’ over Y. If g; is
2-acyclic and if g,, is a vector bundle over Y, then g,.,, is a vector bundle
overY forl> 1.

Proof. The exactness of the sequence

T* @i, —> NT* ®ygs — > NT* @ ST+ @, W
implies the exactness of the sequence
0 — 3(T* Qr8rsr) —> NT* QS T* Qr W
S (NT* @) @ (NT* @ ST @)
where ¢ @4 is the morphism of vector bundles over Y sending u into ¢ (1) D éu.
Hence the function y — dim (§(T* @yg&.1)), 00 Y is upper semi-continuous.

Since g;.. is the kernel of the composition

SETE @ 225 7% @ SET* @ W —2s ST+ QW

the function y— dim(g;,,), on Y is also upper semi-continuous. The sequence
D) 8
6.9 0 — guus — T* Qr8is1 — 3(T* Orgys)) — 0

is exact by Lemma 6.2. Therefore, taking the Euler-Poincaré characteristic
of (6.4), we see that the function y —dim (g,.,), + dim (3(T* ®yge+1))y 00 Y
is locally constant, because g;,, is a vector bundle over Y. Hence g;.. and
o(T* ®ygr..) are both vector bundles. Consider the exact sequence, for [>0,
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3 8 8
0— gusros— T* Qr8ruirss — NT*Qp8irio1 — NT* QST QW .

Lemma 3.3 of [5] implies that g,,,,, is a vector bundle whenever g;.,., and
8u+1+1 are vector bundles, completing the proof.

7. Differential equations

Definition 7.1. A partial differential equation R, of order k on E is a
fibered submanifold of =: J,(E) —X. A solution of R, is a section s of E
over an open set U C X such that j.(s)(x) e R, for all xeU. The I-th prolon-
gation of R, is the subset

Rk+z = JL(Rk) N ]k+l(E)

of J,.,(E), where J,(R,) is considered as a subset of J,(J,(E)). The symbol
of R, is the family of subspaces

g = F(Ry) N {S*T* Qp,F(E)}

of the vector bundle $*T* &y F(E). Note that g, is the kerne] of the mor-
phism of vector bundles over R,

SET* ®RkF(E) — (FJ(E) | Rk)/F(Rk) .

Note that =, ,(R;.;41) € Ry,;. Let g, be the I-th prolongation of g.;
then g, , is a sub-family of vector spaces of the vector bundle $**'T* &5 F(E).

Ii F is an open fibered submanifold of J.(E) over X, by Proposition 2.1,
any morphism ¢: F — E’ of fibered manifolds of locally constant rank and a
section s’ of E’ over X satisfying s'(X) C ¢(F) determine a partial differential
equation R, = Ker,¢. For such an equation, we have

Ry, = Kerj;(s')Pz(SD) .

In fact, the morphism p,(id;): J¢, (E) —J(Jx(E)) induces a morphism
p.(id;) from the open fibered submanifold zz*F of J.,,(E) into J;(F); the
diagram

2i(p)
a'F = 1®)

b, (idk) J )

Ji(F)

commutes by Proposition 4.3 and so by Corollary 4.1, we conclude that
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Ry, = (Kerjz(s')fl(sp)) NJi(E) = Kerj;(s’)Pz(QD) .

Moreover by Proposition 2.1, for p € R, the vector space (g;), is the kernel
of the map ¢, : (S*T* Qg F(E))p — F ) (E").

Conversely, given an equation R, C J,(E) of order £ on E, such fibered
manifolds F, E’, morphism ¢ and section s’ of E’ such that R, = Ker,.¢ exist
if and only if the normal bundle of the imbedding of R, into J.(E) is iso-
morphic to a vector bundle induced by = from a vector bundle over X, by
Proposition 2.2. Hence the condition that a fibered submanifold R;, of J(E)
be the kernel of a morphism ¢: J,(E) — E’ of locally constant rank imposes
a topological restriction on R;. For this reason, we have given the above
definition of a partial differential equation rather than defining an equation
as a kernel of such a morphism ¢. In the linear case, both points of view
coincide (see [5]).

Definition 7.2. We say that a partial differential equation R, C J,(E) of
order k on E is formally integrable if, for I > 0, g,.,., is a vector bundle
over R;, and the map z;,,: R;,;,; — R,,, is surjective.

Proposition 7.1. Let R, C J(E) be a partial differential equation of order
k on E. Then the following statements are equivalent :

(1) g1 Is a vector bundle over R, and the map rny:R,.,—R; is
surjective.

(ii) 7p: Ry.y — Ry is a fibered submanifold of zy: I, .(E) | Ry — R,.

(il) 7y: Ry..— R, is an affine sub-bundle of z): J,.(E) | Ry — R, mod-
eled on the vector bundle g,.,.

Moreover, if any one of these assertions is satisfied, the l-th prolongation
R .1y, Of the equation R, is the same as the (I 4+ 1)-th prolongation of the
equation R,.

Proof. By Lemma 2.1, for each p € Ry, there are an open neighborhood
V of p in J,(E), a fibered manifold E’ over U = =V, a section s’ of E’ over
U and a morphism ¢ : ¥ — E’ of fibered manifolds of constant rank such that
RyNV = Ker,p. Then, by Proposition 5.6, pi(¢): J;, (E) |V —J,(E) is a
morphism of affine bundles over p,_,(p): Ji.,_«(E) |V — J,_,(E’) whose as-
sociated morphism of vector bundles is induced by the map ¢, o 4,, over ¢.
Since ¢ has constant rank, Proposition 4.3 and Corollary 4.1 imply, by a
previous argument, that R, ., N zz'(V) = Ker,,.pi(¢); Proposition2.1 implies
that (g,.,), is the kernel of ¢, o 4, ;. : (S**'T*&z F(E)), — (S'T* @ z.F(E")) o0y
fpeR.NV.

We first show that (i) implies (iii). Since g,., is a vector bundle over R,,
by Proposition 3.3, it follows that p,(¢) | zz'(R, N V) has locally constant rank
and that (iii) holds.

Clearly (iii) implies (ii). Finally, let us prove that (ii) implies (i). To verify
that g,., is a vector bundle over R,, it suffices to show that we have an exact
sequence
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(7.1) 0 —> (ge.:P — Fo(Re) ——> Fp(R) —> 0
for all ge R, ,, p € R, with 7,(q) = p. The map
SEIT* @pF(E) XgJsi(E) — J(E)

of Proposition 5.1 induces a map

x4 kaRk+1 — Jpa(E)

whose image is R,,;. Indeed, the image of this map is contained in J,(R;),
since g1 = (S**'T* Xz, F(E)) N (T* g, F(Rx)) and p,(idy) : /. .,(E) — J,(JL(E))
is a monomorphism of affine bundles over J,(E). Given g,,q,¢ R, _,, with 7,(q;)
= 7(qz), by Proposition 5.1 there exist elements a ¢ T* &z F(R,), @’ € S¥*'T*
® zF(E) such that @ + g, = q,, @’ + g, = g, as elements of J,(R;) and J,.(E)
respectively. Since p,(id;): J;,(E) — J,(J(E)) and the mapping of J,(R;) into
J.(J(E)) are both monomorphisms of affine bundles, we have ¢ = a’ € g, ,.
We have thus shown that, for all p € R;, the fiber (R,.,), is an affine subspace
of (J,..(F)), modeled on (g;,,),. By Proposition 3.7, we have a natural inclu-
sion of (g;,)p into F (R,,,) for all geR,,,, with n,(q) = p, determining
the sequence (7.1). Since F,(R,,) C F(Jy(R)) N Fy(J,..(F)), this sequence
is exact.

We now assume that (i), (ii) or (iii) holds. To prove the remaining part of
the proposition, it suffices to show that

Ry Nmg' (V) = R(k+1)+ln (V) ,

where =z (V) denotes, as throughout the rest of this proof, the inverse image
in Ji.;..(E) of the open set ¥V C Jy(E) under the map z,. Weset V' = R, NV
and p = m,: J, . (FE) — J(E). First note that V’ is a fibered submanifold of
V over U and that, since p: R,,, — R, is a fibered manifold, R,,,N p~'(V")
=R;.,Np (V) is a fibered manifold over U. The sequences of fibered
manifolds over U

@

Oy Vv’ Vv E

Op —> Rei o= (V) — o~V B4 1

are exact, since ¢ and the restriction of p;(p) to p~*(V”) have locally constant
rank. Hence, by Corollary 4.1, the sequences of fibered manifolds over U

(7.2) 0y — L") — 1,00 22 1&)

(73)  Op —> JRui p= (V) — Lo~ ") 229 0B
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are also exact. Since p~'(V) is open in J; ,(E), we have
Riesnyes N7g' (V) = Ju(Ryir) N 7 (V)
=T (Rea N p ') Nag' (V) .
The exactness of (7.3) and Proposition 4.5 imply that

Rgina N wg (V) = {Kery o0 l@(e)) | Ti(e (N} N 7 (V)
= {Ker ;. o iP1(@)) | Tl @) TV} N = '(V)

The diagram
Teni®)IV Pinl?) 5B
Pu(idy 1) ‘ p.(idy)
L BNV Lodeh LUE

commutes by Proposition 4.3; since p,(id,) o J,,1(s") = [,(1(s)), we clearly
have

Riiri Nz d(V) = Kerxj, onPrap)
= {Ker ;5,6 i@:(pN} N zz*(V) .
To complete the procf, we need only to show that
{Ker;, ;. sndiloN} Nz '(V)
= {Ker ;6 iPa(e) | TV} Nz (V) .

Clearly, the right-hand side is contained in the left-hand side. Let ¢ be an
element belonging in the left-hand side; we wish to show that J,(p)q € J,(V").
The diagram

J(pi(0))

Tk ENIV TU(ED
7o) Ti=)
I
LO(ENV 7 JEY -

commutes by Proposition 4.2, Hence, if x = z(g).
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()T 0)D) = Ti@Di () = 1(SHF) .

Since V is an open subset of J(E), it is easily seen that J(p)qeJ(V); the
exactness of (7.2) implies that J,(p)q belongs to J, (V7).

Proposition 7.2. Let R, C J,(E) be a partial differential equation of order
konE. If gw.ms1 is a vector bundle over R, and zmy.p: Rysme1 — Riwm IS
surjective for 0 < m <1, then R,,.., is a submanifold of J,,,..(E) and
Tpom: Riymer — Riom s an affine sub-bundle of ;1 Jiimii(E) | Riimn— Riom
modeled on the vector bundle '8, m.1 Over Ry, induced from g, ., by
T Ry — Ry, for 0 < m < 1. Moreover, the m-th prolongation R ., , ., Of
the equation R, _, is the same as the (I+ m)-th prolongation of the equation R .

Proof. We proceed by induction on !. For I = 1, the proposition holds
by Proposition 7.1. Now assume that the proposition holds for [ — 1, with
1> 2, and that the hypotheses of the proposition hold; then Ry ., 1y, n
= Ry.1+m-1- Apply Proposition 7.1 to the equation R,,, , C J,,,_,(E) and
obtain Ri.sum = Ryrr-vyimar = Rigri-nsvem = Rasy+m by our induction
hypothesis. By Lemma 6.3 and Proposition 7.1, R,,;,, is an affine bundle
over R, , modeled on the vector bundle 77g; ;.1

Corollary 7.1. If R, CJ(E) is a formally integrable partial differential
equation of order k on E, then, for each 1> 0, R,,, is a submanifold of
JorlE) and meyy: Ry yyiy — Ry is an affine sub-bundle of my,;: Ty (E) | Riyy
— R,.,, modeled on the vector bundle z3'g,.,., over R, ., induced from g,.,..
by 7 Ry — Ry,

8. Existence of formal solutions

Let R, C J,(E) be a partial differential equation of order k£ on E. Assume
that 7, : R,., — R, is surjective and that g,., is a vector bundle. Then the
conclusion of Proposition 7.1 holds. The diagram

Ry ———m— T (E)

Pa(ids)

IR —e———————— J(J(E])

commutes; the maps of R, into J,(J.(E)) | R, and of J,(R;) into J,(J.(E)) | R,
are both monomorphisms of affine bundles over R,. Hence the inclusion of
R, into J(R,;) is also a monomorphism of affine bundles over R,. We let
a*: C* —> R;, be the quotient affine bundle of J,(R,) by R, .., given by Proposi-
tion 3.4, and let p: Ji(R,) — C* be the natural epimorphism of affine bundles
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over R;. The affine bundle C' is canonically isomorphic to the vector bundle
{T* Qg F(R,)}/6(8..) over R,, where § is the inclusion of g,,, into
T* ®g,F(Ry); we shall identify these two bundles. Then the sequence

— Ry —> I(R) =25 C' — 0p,

Oz

k

is an exact sequence of affine bundles over R,.

We recall that if O is the zero section of C' over R,, then J,(0): J(Ry)
— J(CY) is the zero section of the vector bundle J,(x'): J(CY) — J,(R:) (see
Proposition 5.3).

Proposition 8.1. The map p,(p): J,,(Ry) — J,(C?) is a morphism of fibered
manifolds over J|(R,) and

Ryirir = KerJ;w)Pz(P) .

Therefore the I-th prolongation of the first order equation R, ., C J,(R,) on
R, is R;.;.,. Moreover, if & denotes the sheaf of germs of solutions of R,
the subsheaf j, (&) C R, is the sheaf of germs of solutions of the first order
equation R, _, C J(R,) on R,.

Proof. By Proposition 4.2, the diagram

(o)
TR 1€
T JL(:X)
IR d J(R,)

commutes, since p is a morphism over R,. Since p has locally constant rank,
by Proposition 4.4

Kerolip) = Ji(Re.n) -
The diagram

o)
TRy } 7LCY

Pi(idy) Jp)

Ji(R.)
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commutes by Proposition 4.3 so that

KerJL(u)pz(P) =JaR)N KerJ;(wJL(P)
= JL+1(RI¢) n JL(Rk+1)
= ]L+1(Rk) n JL(Rk+1) n ]k+L+1(E)

= Rk+l+1

by Proposition 7.1, because Jy.;.,(E) = J,.,(Ju(E)) N J:(J3.2(E)). The remain-
ing part of the proposition follows from the proof of Proposition 5.2 of [5].
Let o: T* ®z F(R,) — C* denote the natural projection; then ¢ is the
morphism of vector bundles associated to p.
Proposition 8.2. The map p,(p): 7. (R;) — J,(C) is a morphism of affine
bundles over

id x Di-i(p) s J(Ry) — Ty(Ry) XJz_ulek)Jz—l(Cl) > for1 > 1,

and its associated morphism of vector bundles is induced by the morphism
0y =0 o Ay ST R, F(R,) — ST* @5, C* over Ry,

Proof. By Propositions 8.1 and 5.6, p,(p) is a2 morphism of fibered mani-
folds over id X p;_,(p) and a morphism of affine bundles over p,_;(o) whose
associated morphism of vector bundles is induced by the map

s © du1: ST @y mp FULR) — S'T* @ F(CY)

over p. By Proposition 5.3, it is clear that p,(p) is a morphism of affine
bundles over id X p,_,(p) whose associated morphism of vector bundles is
determined by g, o 4,,. This vector bundle morphism is induced by
o, = ¢ ¢ 4,,, because, by Proposition 3.7, the diagram

o
T @ sz F(R:) =)

T

1

I

’e 43
IS i

FU(R,) z F(CY

commutes.
Setting ¢, = o, it follows from Lemma 6.3 that g,., is the kernel of ;.
Consider the family of vector spaces over R,
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C2 = {/\ZT* ®RkF(Rk)}/5(T* ®ngk+1)
whose projection onto R, we denote by =%; let ¢ be the projection of

AT* &g, F(R,) onto C2, Then C* is a vector bundle if and only if g, is a
vector bundle over R, since the sequence

3 5
00— griz—— T* Qp, 811 —> NT*Qp, F(Ry) Z.c—0
is exact by Lemma 6.2. Let
t: T*®p C — C*
be the epimorphism of vector bundles over R, induced by the multiplication
map from T* @ T* to A*T*.
Lemma 8.1. The sequence
@1 0— gy —> ST*Qp FR,) — T* ®,C* — C* — 0

is exact.
Proof. Consider the commutative exact diagram :

0 0 0
o
0 sz ST @5 F(Ry T*@,C
d 5
o
o T* @z 020y —————= ™*® T*®R,F(Rz) ————— T*®rC —
s s
0—— AT* @, F(R) e  NT*@p FR) —————e 0

I |

a
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The map ¢-6-05': T* ®z,C* — C* is well-defined and induces an isomor-
phism between the cokernel of o,: $*T* @z, F(R,) — T* @g,C* and C?, which
is easily seen to be, by the diagram, the map —=.

Proposition 8.3. There is a morphism over R,

£=tRy): Ry, — C*
the curvature of R, such that the sequence

I3
el
—_—
Rk+2 — Rk+1 — &

Oormy

is exact.
Proof. Consider the commutative diagram

pilp)
TR, J(C)

Rlu»:

(8.2)

T+l T1 7o

Rev TR i c

where 7,: J,(C*) — C" is the natural projection, and the exact sequence (8.1).
Let p be an element of R,,,, and g any element of J,(R,) satisfying
7z(q) = p. Then

7(P:(0)9) = p(P) = O(z(P)) 5

hence by Proposition 5.3, there exists a unique element e~'p,(0)q of T* ®,C*
such that

e(P, e7'p(0)2) = Di(0)g -

We claim that the element #(R,)p = r¢~'p,(p)g of C* depends only on p.
Indeed, if g, is another element of J,(R,) satisfying =,(g,) = p, then by Pro-
position 8.1,

J(=)pi(p)a; = J:(=")p.(p)g = P .
Now g, — g belongs to §*T* ®5 F(R,) and by Proposition 8.2, we have
0:(q: — @) + p:(0)q = PiP)%:

where the left-hand side is defined in terms of the map (5.6), with W = C',
E = R,. Therefore by Lemma 5.3, we obtain
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c.(q, — q) = E_l(pl(:o)‘ﬁ — Di(0)9) .

Since ¢: T* &, (5,,C* — J,(C") is a morphism of vector bundles over J,(R;)
and since 74(p,(0)9)) = 7(Pi(0)9) = O(z:(p)), We conclude that

c(g, — @ = 5_1171((7)‘21 - 6_1171(())(] .

Because 7 o g, = 0, we obtain

e pu(0)g = te7'p(0)g -

Hence «(Ry): Ry, — C* is a well-defined map. If C? is a vector bundle, then
x(Ry) is in fact a morphism of fibered manifolds over R,.

Now, if geR,,,, then #,,,(q) = p belongs to R, ., and p;(p)g = J,(0)(p) by
Proposition 8.1; hence ¢~'p,(p)g = O(z(p)) by Proposition 5.3, (iv), and so
e(Ry)p = 0. Conversely, if p € R, ,, satisfies «(R,)p = 0, let g be an element
of J,(R,) such that r,(g) = p; then z¢7'p,(0)g = 0. By the exactness of the
sequence (8.1), there exists some element a € $*T* ®p F(R;) such that

e p(0)g = 6,8
or
p(0)q = &(p, 0:9) .
Hence by Propositions 8.2 and 5.3 and Corollary 5.1,

pi(0)(—a) + q) = a.(—a) + pi(p)q
= a,(—a) + (L(O)(P) + pi(p)9)
= (a(—a) + 1,(O)(P)) + plp)a
= &P, 0,(— @) + (P, 6:9)
= J,(0)(p) -
By Proposition 8.1, it follows that the element (—a) + g of J,(R,) satisfying
m((—a) + g) = p belongs to R, .
Proposition 8.4. The image of x lies in the family of subspaces over R,
Ker {§: N*T* @z 8: — N°T* Q S¥'T* Q@ F(E)}

Hk,2 .
o(T* ®ngk+1)

of C2.
Proof. Let Ci(E) be the vector bundle

{NT* Qe FUHENH(NITT* ® S¥'T* R, 5, F (E))

over J,(E), for j = 1, 2. Consider the exact commutative diagram (8.2)
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Pidy) np)
JuuslE) EAEAI) I E)
Te1 o 7
L@ — 209 aey £ e®

and the exact sequence (8.1)
0 — S T* Ry F(E) — S'T* Q140 F (T (E))
s T* @4y, CHE) — CHE) —> 0

of vector bundles over J,(E) corresponding to the equation J.(E) of order &
on E. By Proposition 8.3, we obtain a map £(J,(E)) : J;,..(E) — CXE), which
must be the zero map over J.(E), since 7, : J;, o(E) — J;,(E) is an epimor-
phism. The exact commutative diagram

/\f-XT* ®ngk+1 /\j-lT* ® Sk+1T* ® Jg(E)F(B
d 8
NT* @, FR,) NT* @, e, FILE)
(8.3)
(2 g
o o — CHE)
0 0

induces a morphism 7;: C? — C/(E) over the inclusion of R, into J,(E) and
which is therefore a morphism of fibered manifolds over X, for j = 1, 2. The
following three-dimensional diagram clearly commutes :
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p:(idk) px(P)
JusoE) TJ(ED J(CHEY)
Thet -
Ti(rd
Pl(p) %o
Rye: T(R:) ()
Pi(ide) .
Tk E) TULE)) GEy
Ty o1
T e »
i 14
Rk+ 1 J, ,(R,,) c
as does the diagram:
G2 §T* ®1uF(Rk) = ®R,C‘ "—"‘:—‘——" c

a3 z

T*®,,5:C4E)

keI ®;k(5)F(E) ST* ®Jk(E)F(Jk(B) CHE)

Therefore, by Propositions 8.3, 5.3, 5.4 and 3.7 the diagram

&R
Rin L ¢

x(J(E))

Jiir(E) C(E)

305

commutes, and so by the exactness and commutativity of diagram (8.3) with

i = 2, the image of x(R,) must lie in the family of vector spaces
{NT* @ FR} N 6(T* @ S*1T* @ F(EN|5(T* B, 81.1)

over R, which is precisely H*? by Lemma 6.1.

Theorem 8.1. Let R, C J(E) be a partial differential equation of order k
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on E such that n,: R,., — R, is surjective. If g, is 2-acyclic, and g, ., is a
vector bundle over R,, then R, is formally integrable.

Proof. Lemma 6.5 implies that g,,, is a vector bundle for I > 1. We
now proceed by induction on I, Assume that />0 and that 7y, :Ri s me1—Rism
is a surjective map for 0 < m < !. By Proposition 7.2, we can apply Pro-
positions 8.3, 8.4 to the equation R, ,; C J,.(F) and we obtain, by Proposition
7.2 and Lemma 6.3, an exact sequence

’C(RIHZ)

TR+l=1

Ryies Riiiaa

ﬂ'k_lHk+ 1534

where =;'H**"? is the family of vector spaces over R, ., induced from H**+"?
by z : R,,, — R;. Since g, is 2-acyclic, it follows that H**"? == 0 and hence
that the map =, ;.1 : Rypri00 — Ryipey 1S surjective.

If the dimensions of all components of E are the same, then there exists an
integer k, > k depending on n, k and the dimension of E such that g, is in-
volutive by Lemma 6.4, so by Proposition 7.2 we have clearly also proved

Theorem 8.2. If the dimensions of all compornents of E are the same, and
R, C J(E) is a partial differential equation of order k on E, then there exists
an integer k, > k depending only on n, k and the dimension of E such that,
if gxi141is avector bundle over R, and my.., : Ry, .1 — Ry, is surjective, for
0 <1< k,—k, then R, is formally integrable,

9. Existence of analytic solutions

Assume that X is a real analytic manifold and that the fibered manifold
r: E — X is real analytic; we say that a partial differential equation R; of
order & on E is analytic if it is an analytic fibered submanifold of J,(E).

Theorem 9.1. Let R, be an analytic partial differential equation of order
k on E which is formally integrable. Then, given p ¢ R, ,, with z(p) = x e X,
there exists an analytic solution s of the equation R, over a neighborhood of
x such that j,,,(s)(x) = p.

Proof. Consider the diagram, for [ > 1,

p:p)
Ripey 7 L(Ry) JL(CI)
©.1) ey Tt i1
Pr-ap)
Ry, Ji(Ry) J_(CH

where 7,_, is the natural projection, and the exact sequence
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9.2) 0 — 8evgo1 — ST* @ F(R,) —> ST* @, C'

of vector bundles over R,. Since z,,, : R, .., — R, is surjective, by a dia-
gram chase involving (9.1) and (9.2) similar to the one given in Proposition
8.3, it is easily seen that ¢,(S""'T*®z F(R,)) is equal to the set of all elements
of the form ¢~'p,(p)q, with g e J,,,(R,) satisfying =,(g) € R,.,. Hence, restrict-
ing our attention to the fibers of all fibered manifolds at x ¢ X, using Spencer’s
estimate (see L. Ehrenpreis, V. W. Guillemin, and S. Sternberg [4], and W,
J. Sweeney [10]) and a diagram chase involving (9.1) and (9.2) similar to the
preceding omne, one obtains by Proposition 8.1 and Corollary 7.1 the desired
analytic solution s over a neighborhood of x.
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